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Abstract 

Let : ^ be a rational map defined over a field K. We construct 
the moduli space Md{N) parameterizing conjugacy classes of degree-d 
maps with a point of formal period A'' and present an algebraic proof that 
M2{N) is geometrically irreducible for A'^ > 1. Restricting ourselves to 
maps (j) of arbitrary degree d > 2 such that o cj) o h — (j) for some 
nontrivial h £ PGL2 [K) , we show that the moduli space parameterizing 
these maps with a point of formal period A'' is geometrically reducible for 
infinitely many A''. 

1 Introduction 

Let : ^ be a morphism defined over a field K with algebraic closure 
K. We denote by (j)^ the TV*'' iterate of (j) under composition. A point P eP^ 
is periodic if there exists an integer > such that (j)^ {P) — P, and P is 
preperiodic if there exist integers N > M > such that (f)^ [P) — (p'^^{P). We 
say P has period N if ip^ (P) = P; it has primitive period if iV > is the 
smallest such integer; and it has formal period N if it is a root of the A^*'' 
"dynatomic polynomial" (defined in Section [2]). Except in rare cases, points of 
formal period A'^ coincide with those of primitive period A^. 

Because we focus on , every rational map is in fact a morphism; we there- 
fore use the terms interchangeably. Further, if we write as a rational map 
(l){z) = F{z)/G{z) with F,G E K[z], we may take deg0 = maxjdeg F, deg G}, 
which corresponds to the usual notion of degree of a morphism of projective 
curves. 

In Section [3l we construct the moduli space of rational maps of degree d 
with level- A^ structure; that is, the space Md{N) parameterizing rational maps 
of degree d up to coordinate change together with a point of formal period N . 
In Section [4] we prove the following. 

Theorem 14.51 A/2 {N) is geometrically irreducible for every N > 1. 

The proof takes advantage of the fact that we have an explicit description 
of M2, the moduli space of degree 2 rational maps. Using a normal form for 
quadratic rational maps, one may iterate to find a polynomial description of 



a surface mapping surjectively to M2{N) for each A''. We then speciahze and 
apply a result of Morton to prove irrcducibility of the covering surfaces, showing 
that M2{N) is also irreducible. 

There are, of course, natural surjective maps 

Pn: M2{N)^M2, 

simply forgetting the point of period N . An algebraic curve C C M2 defines a 
family of (conjugacy classes of) quadratic rational maps <f>Ci and the puUback 
P~^^{C) is an algebraic curve on M2{N). One such curve C corresponds to 
the family of quadratic polynomials, which may be written in the normal form 
fc{z) = + c. In his thesis [1], Bousch proved that the dynatomic polynomial 
^jv / (-^) = ^*n{^t'^) G Z[z,c] is irreducible for every N. In other words, the 
curves in M2{N) lying over that family are all irreducible. Bertini's theorem, 
combined with the fact that the surfaces M2{N) are irreducible, says that we 
should expect generic irrcducibility of the period- iV curves. 

The main result of Section [71 then, is potentially surprising. It says that 
for the family of rational maps with a nontrivial automorphism, the dynatomic 
polynomials are usually reducible when N is even. Hence, we should expect 
the dynamic modular curves, which are defined by = 0, to be reducible for 
N even. Of course, the set of maps with nontrivial autmorphisms are a small 
subset of the space of rational maps, so this is not generic behavior. This is 
actually a consequence of a more general result, which we now describe. 

Let (j): ¥^ ^ be a rational map. An element h G PGL2 acts on cj) via 
conjugation: (p^ = o (j> o h. li (j>^ = (j> we say that h is an automorphism 
of (p. When (j> has a PGL2-automorphism of prime order p, then the group of 
automorphisms Aut{(j)) contains a subgroup isomorphic to £p, the cyclic group 
of order p. We define Md{N, £p) to be the moduli space of (equivalence classes 
of) rational maps of degree d having an automorphism of prime order p, together 
with a point of primitive period N. 

Corollary 17.101 Md{pN,€p) is reducible for 

(a) all but finitely many integers N if K has characteristic 0, and 

(b) all but finitely many prime integers N for arbitrary fields K . 

{In particular, the curves M2(2Af, €2) oltc reducible for infinitely many N .) 

This result is dramatically different from reducibility results that have ap- 
peared in the literature previously. If 4>{z) = z'' is a pure power function or if 
(l){z) is a Chebyshev polynomial, the dynatomic polynomial $^ ^ is known to 
be reducible for infinitely many N . In Section [8l we add reciprocals of pure 
power functions, (j){z) = z"'', to this list. In all of these cases, however, the 
reducibility result holds for only one map (up to conjugacy) of each degree d. 
In Corollary 17.101 we have a natural family of maps in each degree such that 
the dynatomic polynomials are reducible infinitely often for every map in the 
family. 



2 



The proof of Corollary 17.101 is constructive, providing a particular proper 
closed subvariety of AId{pN,(Lp) of maximal dimension. The difficulty of the 
proof lies in first defining the appropriate object, and then proving that the ob- 
ject is in fact a proper subvariety, which is not at all obvious from the definition. 

The construction gives a geometric explanation for reducibility when a ra- 
tional map (j) has a nontrivial automorphism: If P is a point of formal period 
A'", then h{P) must be as well for h £ Aut(0). There are two possible cases if 
the order of h divides N: either P and h{P) arc on the same orbit, or the action 
of h interchanges the separate orbits of P and h{P). Wc show that the moduli 
space has at least two components, corresponding to these two possibilities. 

The dynatomic polynomials allow us to relate iiT-rational periodic points 
for a morphism (jj to X-rational points on an algebraic curve. Understanding 
the geometric properties of these curves (reducibility, genera, etc.) has allowed 
authors to tackle questions related to the uniform boundedness conjecture in 
arithmetic dynamics (see [12] and [5]) as well as more general number theoretic 
questions related to cyclic extensions of number fields (see [H]). To date, most 
of this work has been done with polynomial maps. It is our hope that this paper 
will spur work on more general rational maps, and in fact some of this work has 
already appeared (see [5]). 

Remark. This paper forms a portion of the author's Ph.D. thesis [7]. 

2 Preliminaries 

Let X be a variety and <j): X ^ X he a, morphism defined over some field K. 
Let _ 

PerAr(0) ^ {a£X{K) : c/)^ (a) = a} 

be the set of points of period N for <j). We define 

A = A{X) ^ {{x,x) : X £ X} C X X X, the diagonal, 

r(0^) = {{x, (t)^ix)) : X £ X} C X X X, the graph of the morphism c/)^ . 

We can then assign a multiplicity to each P £ Per7v(0) by taking the intersection 
multiplicity ap{N) of the diagonal with T{(j)^) in X x X. Following Morton 
and Silverman in jl3J , we define the cycle of A^-periodic points 

Z^(0)= «p(A^)i^ ='A-r(0^), (1) 

Pex(K) 

and the cycle of primitive A'^-periodic points 




where ^ is the Moebius function. In T3], the authors show that if A" is a curve, 
then Z'^ is an effective 0-cycle, and they give a precise description of the points 
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P € X with ap{N) > 0. In his thesis, Hutz [B] has extended these resuhs to X 
an irreducible, nonsingular projective variety of arbitrary dimension. 

If a G Perjv((/)) then cj)^ induces a map from the cotangent space of X to 
itself, 

(0^)* : n^ix)^n^{x). 

If X is a smooth curve, then the cotangent space has dimension one. So ((/>^)* 
must be multiplication by a scalar, which we call the multiplier of the cycle 
associated to a. When X = F^, we may write (j){z) e K{z) as a rational map. 
Then the scalar is exactly {(p^)' (a) as long as the point at infinity is not in 
the orbit of a (though there is a natural extension to this case, see 16, exercise 
1.13]). In particular, for cf): P^, and for a e a fixed point of <j), the 

multiplier of the fixed point is (j)'{a). 

Note that if deg(0) — d, then has d+1 fixed points, counted with proper 
multiplicity. When X ^ and the fixed points of cj) are all distinct, there is 
an identity on the multipliers of these fixed points. Let Ai, • • • , A^+i be the 
multipliers. Then by [161 Theorem 1.14], we have 

d+1 

El/(1-A.) = l. (3) 

i=l 

The requirement that the fixed points are distinct means that none of the 
are 1. If the fixed points are not all distinct, a more complicated identity still 
holds (see [THl exercise 1.17]). 

If X = , then we may write the morphism ip: F^ using homogeneous 

coordinates 

(t){x,y) = [Fi{x,y) : Gi{x,y)] 

= [adx'^ + ■■■ + aixy'^-^ + a^y'^ : bdx'^ + ■■■ + hxy'^-^ + boy'^] , (4) 

for some polynomials Fi,Gi S K[x,y] with no common factors over iC, and 
degcj) = degFi = degd. Of course, for any u e K* , [uFi : uGi] defines the 
same rational map 0. We therefore identify each (p with a unique point in P^^J+i 
via 

4> I — > [ad ■■■■■■■ ai : ao : bd bi : bo] ■ 

The requirement that Fi and Gi share no common factors means, however, that 
not every point in p^^^+i corresponds to a map of degree d. 

The resultant of two polynomials F and G is a polynomial in the coefficients 
of F and G with the property that Res(F, G) = if and only if F and G have 
a common zero m Pi (K). (See [m Proposition 2.13] for details.) So the space 
of rational maps of degree d corresponds to an affine variety: 

Ratd = F^''+^ \ {Res(i^i, Gi) = 0}. 

We say that two rational maps (j) and ip are linearly conjugate if there is 
some h G PGL2 [K) such that (j>^ — ■(/'• Because linearly conjugate maps have 
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the same dynamical behavior, it is natural to consider the quotient space 

Afrf = Ratrf/PGL2. 

Generalizing work by Milnor [lOj, Silverman [15] proved that Md exists as an 
affine integral scheme over Z and that M2 is isomorphic to A|. In fact, if we 
let Ai,A2,A3 be the multipliers of the three fixed points of (j) (counted with 
multiplicity), then the first two symmetric functions of these multipliers form 
natural coordinates for M2: 

A/2 = {((Ti, cr2)} where cti = Ai + A2 + A3, and (72 — A1A2 + A1A3 + A2A3. (5) 

Writing (j){x,y) — [Fi(x,y) : Gi{x,y)], we are able to describe iteration: 

<l^^{x,y) = [FN{x,y) : GN{x,y)] 

represents </> composed with itself N times, where the polynomials Fjv and Gn 
are given by the double recursion 

FN{x,y) = Fn-1 {Fi{x,y),Gi{x,y)) and GN[x,y) = GN~i[Fi{x,y),Gi{x,y)). 

We now define a homogeneous polynomial ^N,4>{x,y) whose roots are precisely 
points of period N for 0: 

^N,4,{^, y) = yFN{x, y) - xGn{x, y). 
If P = [a: : y] G is a root of this polynomial, then by construction (p^ (P) = P. 
Definition 2.1. The N^^ dynatomic polynomial for (j) is given by 

k\N k\N 

The cycle Z^{4)) in equation ([2]) is a formal sum of the roots of $^^(a;,?/) 
counted with multiplicity, and the result that Z^((j)) is an effective 0-cycle means 
that ^{x, y) is a polynomial. (To ease notation, we will write simply $Ar and 
unless the distinction is needed.) 

We would like to say that the roots of are the points in with primitive 
period N for (j). All such points are, indeed, roots of <I>^, but it is possible that 
other points with smaller primitive period arise as roots as well. We call the 
roots of the points of formal period N for (j). 

Example. Let 

<l>{x,y) = [-x"^ : xy] , so 

0^(a^: y) = [- {x^ + - y^) {^^ - xy ~ y"^) : -xy{x + y){x- y)]. 
Then we have: 

<S>Ux,y)^~y{2x^ ~y^) 
$;(x,y) = V 

So we see that the point at infinity a = [1 : 0] is a fixed point, but it also appears 
as a double-root of the second dynatomic polynomial. 
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If _?r is a field with characteristic different from 2, and f{z) G K[z] is a 
quadratic polynomial, then / is linearly conjugate to fdz) = z'^ + c for some 
c & K. In this case, one may consider the dehomogenized N^^ dynatomic 
polynomial, 

k\N 

Theorem 2.2 (Bousch). Let fc{z) = z^ + c. Then £ Z[z,c] is irre- 

ducible over C[z, c] for every N . 

This result, proved by Bousch in his thesis [3j, was later generalized by Mor- 
ton in [ir to polynomials f{z, c) S Z[z, c] of arbitrary degree d > 2, satisfying 
certain conditions, the most important being that the primitive iV-bifurcation 
points — that is, the values of c G C for which two TV-orbits coincide — are 
distinct. (This is well-known to be the case for the quadratic family fc by early 
results of Douady and Hubbard on the structure of the Mandelbrot set.) 

Viewing <I>^ f^i^) ^ *^jv /c('^' ^® ^ polynomial in two variables, we see that 
for every N, 

ri(iV): $^_^^(z,c)=0 

defines an afhne algebraic curve. These are modular curves in the sense that 
they parameterize isomorphism classes of pairs (/, a), where f{z) is a quadratic 
polynomial and a is a point of formal period N for (f). Theorem 12.21 says that 
these modular curves are geometrically irreducible. A natural question to ask 
is how general this result may be. If we consider other families of degree-2 
rational maps on P^, should we expect these modular curves to be irreducible? 
In Section [7] we tackle this question. 

3 Construction of Moduli Spaces 



We begin by fixing some notation. 
K 
K 

e K{z) 

(l>{x,y) = [Fi{x,y) : Gi{x,y)] 
FN{x,y) = FN-i{Fi{x,y),Gi{x,y)). 
GN{x,y) = GN-i{Fi{x,y),Gi{x,y)). 
(I)'^{x,y) = [FN{x,y) : GN{x,y)] 

pi 

PGL2 

Ratd 

Aut((/.) = {/ e PGL2 ■.(j)f = 4>} 



a field. 

a (fixed) algebraic closure of K. 
a rational map of degree d. 
homogenization of 4'{z). 

<j> composed with itself N times, 
with Fn and Gn as above, 
the iV"^ dynatomic polynomial 
for (f) as defined in Section [51 
the projective line P^{K). 
the projective linear group over K. 
the space of degree d rational 
maps as described in Section ^ 
the moduli space Rat^ /PGL2. 
the automorphism group of 4>. 
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Definition 3.1. We define a level structure on Md as follows. 



: a is a point of formal period N for (j)} 

M<j(iV) =Rat<j(iV)/PGL2. 

Proposition 3.2. For every N > 1, Iiatd{N) exists as a scheme over Z, and 
Md{N) exists as a geometric quotient scheme over Z. 

Proof. For convenience, and following jl5j . we use SL2 rather than PGL2 for 
this proof. Because over any algebraically closed field the map SL2(-ftr) 
Y'GL2{K) is surjective with finite kernel, the results will still be applicable to 
the moduli spaces as defined above. 

In [H], Ratd(iV) is called Per]!^, and is shown to be a reduced closed sub- 
scheme of P^at = X Ratrf. A point of Rat^ is given by [i^i, Gi] = [od : a^-i : 
■ ■ ■ : aa : hd '. bd-i : • • • : 60] corresponding to a rational map 

0: pi 

[x:y]^ [odx'^ + Od-ix'^-^y + ■■■ + aoy'^ : bdx'^ + bd-ix'^'^y + ■■■ + hoy\ 

with Res(i^i, Gi) ^ 0. A point of Rat<i(A^), is given by [{X : F), (i^i, d)] such 
that [Fi, Gi] e Ratd and for </> given by [Fi : Gi] as above, <i>^^(X, Y) = 0. 

The proof for Md{N) follows the techniques of Proposition 4.2 in 1^. We 
define the action of SL2 on points in Pp^^j as follows. Let 



If [X : r] is a point of formal period N for 0, then f-^[X -.Y]^ [5X ~- PY : 
—'yX + aY] is a point of formal period N for (p^ = f^^(f>f, so Ka.td{N) is an 
SL2 invariant set given the action defined above. 

Further, the resultant form Res(-F'i,Gi) is an SL2-invariant homogeneous 
polynomial which does not vanish on points of Hatd^N). The stabilizer in SL2 
of any rational map (j) is finite ^16^ Proposition 4.65]. Therefore, points of 
Ka.td{N) are stable under the SL2 action. 

Since RatdiN) is an SL2-invariant and SL2-stable subset of P^ x p^^^+i^ the 
geometric quotient Ra,td{N)/ SL2 exists as a scheme over Z. □ 

Remark. Because for every d > 2, we have rational maps 4> G Rat^ with non- 
trivial PGL2 automorphisms, we know that Md cannot be a fine moduli space. 
However, from [TO, Proposition 4.65], for every d > 2, there is an rd such that 
if (/) G Ratd, then |Aut(0)| < r^. So for N large enough, we expect that Md{N) 
should be a fine moduli space, since no automorphism of G Rat^ can fix all 
N marked points. 




The action on points of Ratd(A^) is 

[{X,Y)XF^{x,y),Gi{x,y))] ^ [[6X ^ (iY, -^X + aY), 

{SFi{ax + I3y, -f- 5y) — j3Gi{ax -t- (3y, jx + Sy), 

—jFi{ax + (3y, ^x + Sy) + aGi{ax + (3y, 72: + Sy))]. 
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Let C„ be the subgroup of PGL2 generated by z 1-^ C„z for ^„ a primitive 

Definition 3.3. 

Rat(i(£n) = Ratrf: £„ ?s a subgroup of Aut(0)}, 
Md(€n) = the image of Ratc((£„) under the projection Rat^ — > Md, 
Rat(i(A^, C„ ) = G Ratd(iV) : €n is a subgroup of Aut ((/))}, 
Md,{N, €n) = the image of Ratci(A^, Cn) under the projection 
Ratd{N) ^ MdiN). 



Proposition 3.4. // n is relatively prime to the characteristic of K , then the 
following hold for all d > 2 : 

(a) Rat(i(£n) exists as a closed subscheme o/Rat^. 
(6) Mdi^n) exists as a closed subscheme of Md- 

(c) Ratd(A^, £ti) exists as a closed subscheme ofIiatd{N). 

(d) Md{N,<Ln) exists as a closed subscheme of Md{N). 

Proof. A rational map has the automorphism z C„z if (^^^(j>{(nz) = 4'iz)- 
Writing (/) as in (|3]) , a straightforward calculation shows that this yields polyno- 
mial conditions on the coefficients of (j) and moreover that the polynomials are 
all defined over Q. 

Since Md is a geometric quotient, one can show that the projection Rat^^ — > 
Md is closed, meaning that the image of Ratrf(£p) is closed. Hence Md{€.p)is a 
closed subscheme of Md- 

Identical arguments prove parts (jc| and (|d|. □ 

Proposition 3.5. The scheme Mdi^n) parameterizes conjugacy classes of ra- 
tional maps of degree d having an automorphism of primitive order n. Similarly, 
Md{N,Cn) parameterizes conjugacy classes of rational maps of degree d having 
an automorphism of primitive order n, together with a point of formal period N . 

Proof. A conjugacy class of maps [0] G Md is in Md(C„) exactly when there is 
some ■(/; e [cf)] such that is a subgroup of Aut(^). Such maps clearly have 
automorphisms of primitive order n. 

Now let [(/)] G Md such that some G has an automorphism / e PGL2 
of primitive order n. Then (/) is a subgroup of Aut(?/)) isomorphic to £„. We 
will show that in fact [0] G Md{^n)- 

Since n is relatively prime to the characteristic of we see that (/) is 
linearly conjugate to {C,nz) for an appropriate choice of n, simply by moving 
the fixed points of / to and the point at infinity. Thus, for some h G PGL2, 
Aut(V''') contains as a subgroup. Since tp^ G [</>], we are done. 

The proof for Md(N, £„) is the same. □ 
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4 Irreducibility for M2{N) 



We continue with the notation of Section [31 In this section only, we assume K 
is a number field and not just an arbitrary field. In addition, we define 
UdiN) = X! ^ (^Z'^) ^'^ ^'^Sree of y) for iV > 1. 

In proving their irreducibility results, both Bousch [3] and Morton [TT] use 
the fact that any quadratic polynomial is conjugate to a unique map of the form 
fdz) = +c. That is, we have a convenient normal form, and hence can prove 
results about conjugacy classes by working with the normal form alone. The 
situation for quadratic rational maps is slightly more complicated, so we begin 
this section by discussing the normal form for these maps which will be useful 
in the sequel. 

Lemma 4.1. Let </>: ^ be a rational map of degree 2 defined over a 
number field K. If there is an element h G PGL2 such that h~^(j)h = 4>, then (j) 
is conjugate to exactly one of the following maps: 

• (j){z) — z ~\ — , or 

z'^ + az 

• (Pa,a(^) = r' where a ^ ±1. 

az + I 

Note that (j)a,aiz) may not be defined over K, but is defined over at most a 
cubic extension of K. 

Proof. The maps described all have obvious automorphisms h G PGL2: In the 
first case, the automorphism is z i-^ — z; in the second case, it is z >— > 1/z. It 
remains to show that any map with an automorphism is conjugate to exactly 
one of these maps. 

Let (j): ^ pi be a rational map of degree 2, defined over C. Using the 
fact that such a map is completely determined by the set of multipliers of the 
fixed points, Milnor has shown in [10] that (j> must be conjugate to one of the 
following 

z ^ — (if has a single fixed point), or 

z^ + az 
bz + 1' 

where a and b are the multipliers of the fixed points and 00 respectively, and 
ab^ 1. 

If (j) has a nontrivial automorphism h as described, then h must permute the 
fixed points of (p. Taking derivatives on both sides of (ph ~ hcj), we see that the 
multipliers of the interchanged fixed points must be equal. 

If (j) has a single fixed point, it is a simple matter to check that the multiplier 
at that fixed point must be 1 and that (j) is then conjugate to the first map given 
in the the Lemma. 



cPiz)^ 

0a,fc(z) = 
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If 4> has two distinct fixed points, then it has one fixed point of multiplicity 
two. This fixed point has multiplier 1. So the set of multipliers is {a, 1, 1} where 
a 7^ 1. By Milnor's argument, then, (f) is conjugate to the map (t)a^i — ^ J^l^ , 
which has a double fixed point at infinity and another fixed point at 0. Any 
automorphism of such a map must fix both of these points, so it is of the form 
h{z) = kz, and a computation shows that we must have k = 1. In other words, 
these maps have no nontrivial automorphisms. 

Finally, if 4> has three distinct fixed points, we know from the remarks above 
that at least two of them must have equal multipliers. The identity given in 
equation ([3]) on page[4]shows that it is impossible for the two equal multipliers to 
be —1. If a fixed point has multiplier 1, then it is a double-root of the equation 
4>i(x, y) — 0. In other words, it is a fixed point of multiplicity two, which cannot 
be the case here. So the set of multipliers is {a, a, b} with a ^ ±1. By Milnor's 
argument, then, (f> is conjugate to a unique map of the form 4>a,a- D 

The map = z + i has a single fixed point at infinity, with multiplier 1, 
so using the coordinates given by equation ([5|), this map corresponds to the 
point (3, 3) G il/2. Therefore, we have the following quasi-finite map: 



Here [(pa.b] denotes the conjugacy class of (pa.bi^) in the moduli space M2- (Note 
that the map is generically 6-to-l, but is not a finite map.) This map is ramified 
only over the symmetry locus — the family of maps in M2 with a nontrivial 
PGL2 automorphism — and over the locus of maps with a fixed point of mul- 
tiplicity at least two. 

Lemma 4.2. Let (j^a.bix, y) = {x^ + axy : bxy + y^] . For all N > 1, the coeffi- 
cient of 

^Nip i, ^6ad coefficient in x) is C^ib), the N 

cyclotomic polynomial in b. By symmetry, the coefficient of 

Proof. Let y) = x'^ + axy, Gi(x, y) — bxy + y^, and define the iterates 



Claim. As polynomials in x, the iterate is monic of degree 2^, and Gn has 
degree 2^ — 1 with lead coefficient b'^y. 

A simple induction argument shows that for TV > 1, we have deg^(F/v) = 
deg^(GAr) + 1. The claim about the degrees then follows immediately from this 
and equations ([6]) and ([7]). The fact that F/v is monic in x also follows from the 
recursive definition. It remains to compute the coefficient of x^ in Gn{x, y). 
The claim holds for iV = 1 by definition. Further, the lead x term in G]s[{x,y) 



A2 \ {ab=l} 
(a, 6) 




FN(x,y) = + aFAr_iGAr_i, 

GN{x,y) = bFN_iGN-i + G%_j^. 



(6) 
(7) 
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comes from the product bFj^^iGN-i- We again proceed by induction. 

Gn{x, y) = b[x + lower order terms in x \ [b yx + l.o.t. in x\ 

+ (l.o.t. in a;) 
= b^yx'^ ~^ + lower order terms in x. 

Let Cfc be the coefScient of in bi^'V) — yPk{x,y) — xGk{x,y) and 

cl be the coefScient of x'^^'^'^^ in By the above results, Ck = 2/(1 — b'^). 

Since 

k\N 

and since <i>^ ^(x, y) is a polynomial, 

fc|JV k\N 

fc|Ar fc|JV k\N 

where the last equality follows because > 1. This is CN{b), as desired. □ 

Mobius inversion gives $Ar,0„_i, = 1\m\n ^*M,^^t,i^^ v)- other words, <i>Ar,0„ 
factors over Q{a,b). Gauss's lemma shows that it factors over Z[a,6]. By 
Lemma 14.21 above, we see that the polynomials ^ ^{^iV) the product 
each have content 1, meaning that <f>^ ^ ^ e Z[a, b, x, y]. So for every TV, 

{$^,^^^ (x, y, a, 5) = 0} C pi X A2 \ {a6 = 1} 

defines a quasi-projective variety over K. A point on the variety determines a 
rational map 4>a,b and a point of formal period N for that map. 

Proposition 4.3. Let (f){x, y) — [x^ + axy : bxy + y'^] . The polynomial 

'^*N,4,{x,y,a,b) e Q[x,y,a,b] 
is irreducible for all N > 1. 

The proof of Proposition 14.31 requires a result of Morton. 



Lemma 4.4 (Corollary 4 in llj). For N > 1, the polynomial $^^(z,a) G 
Q[2:, a] corresponding to h{z, a) = + az is irreducible. 



Proof of Proposition \4-3\ Suppose for contradiction that 

<^*j^{x,y,a,b) = A{x,y,a,b)B{x,y,a,b) with deg^(y4), deg^(B) > 1. 
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By Lemma the coefficient of x"^^^^ in ^*f^{x, y, a, b) is CN{b). So the coef- 
ficients of the lead x terms in A and B are CN,A{b) and CN,Bib), where 

CN,A{b)cN,B{b) = Cjv(&)- 

Now we speciahze to & = 0. For > 1, Cjv(O) = 1, so CAr_^(0)cjv,B(0) ^ 0. 
Hence, 

$^(a;, y, a, 0) = y, a, 0)B(a:, y, a, 0), (8) 

where neither A nor B is triviaL 

But the speciahzation to & = yields the map (pafiix^y) — [x'^ + axy : y^], 
which when dehomogenized is exactly the polynomial h{z, a) from Corollary 4 
in [TT], stated above. Hence ^*j^{x,y,a,0) is irreducible, contradicting equa- 
tion dS]). □ 

The condition n > 1 is necessary, as 

$t (x, y, a, 6) = a;y(x(l - 6) + y{l - a)). 

This is expected, because part of constructing Milnor's normal form involves 
moving two of the fixed points to and oo. The factor of xy in $* reflects these 
two fixed points for every value of a and 6, and the third factor provides the 
third fixed point. 

Theorem 4.5. M2{N) is geometrically irreducible for every N > 1. 
Proof. Consider the map 

{ix,y)eA^:^lj{x,y,a,b) = 0} > Af2(iV) \ {i^2(iV) points over (3, 3)} 



A2\{a6=l} > Max {(3,3)} 

(9) 

Each map is surjective, with the horizontal maps generically 6-tol as described 
previously, and the vertical maps z^2(^)-to-l. 

The top map gives a surjection from the geometrically irreducible variety 
$^ {x,y,a,b) = to the variety M2{N) \ {a finite set of points}. Therefore, 
M2(N) must also be irreducible. □ 

Let C C M2 be an algebraic curve, and let Yi{C, N) = p^^{C). 

YiiCN) C M2{N) 

i I 
C c M2 

Corollary 4.6. Consider the space of curves C in M2 of degree d, each curve C 
corresponding to a family of degree-2 rational maps (j)c ■ For every N > 1, only 
a Zariski- closed subset of such curves have reducible modular curves Yi{C,N). 
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Proof. One version of Bertini's Theorem (see, for example, [3]) states that if X 
is geometrically irreducible and dimX > 2, then the generic hyperplane section 
has the same property. Using the Veronese embedding, we can generalize the 
statement above to degree-d hypersurfaces. In other words, the intersection of 
the irreducible variety X with a generic hypersurface is irreducible. 

A modular curve Yi{C, N) corresponds to the intersection of the irreducible 
quasi- projective variety M2{N) and the hypersurface x j3^^(C). □ 

5 Maps with automorphisms 

We continue using the notation from Sections [3] and 21 In addition, we will use 
the following: 

Otf,{a) — {(f)^ [a) : > 0} the forward orbit of a point a under (f). 

Fix(0) = {a S : 4>{a) — a] the set of fixed points of a map </>. 
As before, take (t>{x,y): P^. Also, choose some h £ Aut(0) of prime 

order p. Fix some Q G P^. Since h has finite order, Oh[Q) — {Qo, ■ ■ ■ , Qp-i} is 
a finite set. As a convention, we write 

Q = Qo ^'^ Qi ^'^ ■ ■ ■ ^ Qp-i Qo = Q- 

Unless Q £ Fix(/i), the Qi are distinct, since h has prime order. If for some i 
we have oo = [1 : 0] = Qi, choose / G PGL2 so that / interchanges Qi and a 
point not on the orbit of Q. Replacing cj) by (j)-^ and ft, by /i^, we may assume 
that none of the Qt is infinity. 

Lemma 5.1. Let (p: ¥^ and h G Aut(0) of prime order p. 

(a) If the characteristic of K is different from p, t/ien Fix(ft) consists of exactly 
two distinct points. 

(b) IfQe Fix(/i) then |0^(Q)| < 2. 

Proof. Any nontrivial element of PGL2 has exactly two fixed points, counted 
with multiplicity. The only elements with exactly one fixed point are equivalent 
under a change of coordinates to a nontrivial translation (where the fixed point 
is the point at infinity). If char K ^ p, then none of these has order p, so h has 
exactly two fixed points. 

If h{Q) = Q then for any fc > 0, /i^^^^Q) = 0'=/i((3) = 4>''iQ) because 
h G Aut((/)). In other words, every point in the orbit of Q is fixed by h, so there 
can be at most two distinct points on the orbit. □ 

Definition 5.2. Let P^ ^ P^ and h G Aut((/)). A point Q eP^ has ft-period 
N for (f>, if <j)^{Q) = h^{Q) for some j > and p \ 3. A point Q G P^ has 
primitive ft-period N for (j), if N > is the smallest such integer. 

If Q has ft-period N, then (ff^iQ) — h^^{Q) = Q since h has order p. In 
other words, Q is a point of order pN for 0, but one with the additional special 
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property that W{Q) is on the orbit 0^{Q). In analogy with the dynatomic 
polynomials we wish to create polynomials that have as roots points of 
primitive /i-period N for 0. 

Let 4>{x,y): ^ be a rational map. Suppose that h G Aut((/)) and 
that Fix(/i) = {Pi} with Pi = [xi : yi]. By abuse of notation, we will write 
4>^{x,y) ~ h^{x,y) to represent the polynomial whose roots are exactly the 
points Q e P^ such that (f>^ (Q) = h^{Q). For example, if we have 

(t){x,y) = [Fi{x,y) : Gi{x,y)] and h{x,y) ^ [ax + by : cx + dy], 

then by 4>{x, y) — h{x, y) we mean the polynomial 

{cx + dy)Fi{x,y) - {ax + by)Gi{x,y). 

Definition 5.3. 

p-i 

^vN,^Ax.y) = n {^''{x,y)-h={x,y)) (10) 
%N,^,H{^.y) = n (11) 

k\N 
pk\N 

w/iere (5^ = ord(j^^2,_^^j^) ^'pAr,0,/i(a;, y). 

We call 4** hi^^y) ft.-tuned dynatomic polynomial for 0. (The justifica- 
tion for the term "polynomial" in this definition comes from Proposition \7.2\) 



When the rational map (j) and the automorphism h are fixed, we may suppr^s 
dependence on (j) and h in our notation, writing simply V&pjV) and 

By construction, the roots of are the points Q = [x : y] such that (j)^{Q) = 
h\Q) for some 1 < j < p — 1. With ^'*jy, we are eliminating (usually) the 
points Q such that 4)^{Q) — h\Q) for some k < N. The need to eliminate the 
fixed points of h as well will become clear as we proceed. 



X 



Example. Let 4>{x,y) — [x^ — 2xy : —2xy + y'^]. We see that f{x,y) — [y 
is an automorphism of order 2 and g{x, y) = [x — y : x\ is an automorphism of 
order 3 for (j) . We first compute a few of the dynatomic polynomials <i>^ ^{x,y). 
(The following were computed with Mathematica.) 



^2ix,y) = -x'^ + yx - y^ 

mx, y) = 3 (x3 - iyx^ + y3) (^3 _ 3j^2^ ^ ^3) 
^l{x, y) = {-bx^ + lOyx^ - by^x + y'^) 

■ {x'^ + yx^ - 9y'^x^ + y^x + y"^) (-.t"^ + 5yx^ - lOy^x + by'^) 
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• {x^ - 21y'^x^ + 35y V - 21?/x + 7y^) 

■ {x^ - 6yx^ - 6y^x* + 29y^x^ - - 6y^x + y^) 

■ {x^^ - ISyx^'^ - My'^x^^ + imy^x^"^ - 24:66y^x^^ - 73A4y^x^^ 

+ 31065/a;i2 - 20619/x" 54513y*^x^" + 99326y V 
- 341192/^V - 47844y"a;^ + 51072^^22.6 _ 16155^133.5 

-621yiV + 1329y^^a;^ - 207y^^x'^ + y'^^) 

■ {x^^ - 2Q7y'^x^^ + 1329^^0;^^ - Q2ly'^x^'^ - 16155y^a;^^ 

+ 51072y^a;^2 - 47844/a;^^ - 34119y^a;^° + 99326y''a;^ 
- 54513yi°.T** - 20619y"a;^ + 31065^^23.6 _ 7344^133.5 

-2466i/"x'^ + 1167y^^a;^ - My^^x^ - ISy^'^x + y^^) 

Note that 

Fix(/) = {±1} and Fix(.g) = {roots of 22-2+1}. 

In other words, points in Y\yi[g) are the primitive sixth roots of unity. 

Since / has order 2, we compute the first few /-tuned dynatomic polynomials 

xEr* 

= x{x^ - 2xy) -y{y^ - 2xy) = {x-y) {x^ - yx + y^) 
*2,0,/(a;,y) =a;2 -ya; + y2 

^i,4,j{x,y) = '^l^^j{x,y) 

= x{x'^ - 2xy) -2{x^ - 2xy) (y^ - 2xy) -y{y^ - 2xy) 

- 2 (rc2 - 2xy) {y^ - 2xy) 
= {x-y) [x'^ + yx^ - 9y2,7;2 + y^x + y'^) 

^X^f{x, y)=x^ + yx^ - 92/2x2 + y'^x + / 

*6,</>,/(a;, y) = {x- y) {x^ - yx + y"^) 

■ (x^ - Qyx^ - Qy'^x^ + 29?/ .t''' - 6/.t2 - Qy^x + y^) 

*6,^,/(^' y) = = - 62/^' - 6y'x^ + 29y^x^ - Qy'x^ - 6y'x + y' 

2,<^,/v2^) y) 

n^fix, y) = n,4,j{x, y)=x^- 6yx^ - Qy'^x" + 29y''x^ - 6/a;2 - 6y^x + j/^ 
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Since g has order 3, we compute the first few (7-tuned dynatomic polynomials 



^'3,0,3(2;, y) = {x (x^ - 2xy) - (x-y) (y^ - 2xy)) 

■ {{y - x) (x^ - 2xy) -y{y'^~ 2xy)) 
= -{x^ - 3yx^ + y^) {x^ - 3y^x + y^) 

= -{x^ - 3yx^ + y^) (x^ ~ iy'^x + y^) 
'^G..<k,g(x, y) = -{x^~yx + y^Y {x^ - 3yx^ + y^) {x^ - 3y^x + y^) 



Based on this example, one might conjecture that is always a polyno- 
mial, and that it divides $*jv In Section [3 we prove these assertions. After 

determining that 4'*^ is almost always nontrivial, we will be able to conclude 
that the dynatomic polynomials $*7v are reducible for infinitely many N, and 
hence so are the moduli spaces Md{pN, 

6 Basic properties of /i-tuned dynatomic poly- 
nomials 

Throughout, we fix a rational map (f>: ^ ¥^ of degree d > 2, and a map 
h e Aut((/)) of prime order p. 

Lemma 6.1. Suppose Q has h-period N for <f>. 

(a) Then (j)''^ (Q) £ Oh{Q) for all k. 

(6) If Q has primitive h-period m, then m \ N. 

Proof Suppose (p^ (Q) = h^iQ) ^ Q for some l<j<p-l. As sets, Oh{Q) = 
^hi{Q)i SO we may rename the automorphism so that 4>^{Q) = h{Q). We now 
show, in fact, that (f)''^ {Q) — h^{Q) for all k. Since h G Aut(0), we know that 
(jj^h^ hcf)^ for aU N. Then, 



= h^{Q) using the facts that (^^/i = hcf)^ and (j)^ {Q) = h{Q). 




1 




k copies 
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For the second result, we have 

/i(Q) = 0^(Q) = 09"+'-(Q) withO<r<m 

= (f(l)'i'^{Q) = (jfh^{Q) for some k, by the result above 
= h'^(j)'^{Q) since h e Aut((?!)). 

So (/-'■(Q) = h^^^{Q) G Oh{Q)- By minimality of to, r = and so m | A^. □ 
If Q 7^ cx) and (/'(Q) / oo, then we may expand 4> around Q: 

n 

^{z) = ^ A,(<^, Q)(z - Q)' + O ((z - Q)"+i) , 

1=0 

where O ((z — Q)"'*'^) represents a function vanishing to order at least n + 1 at 
z = Q. We take this as the definition of the \i{(t>^ Q). 

Remark. Note that Ao((/', Q) = 't'iQ)- Furthermore, if Q is periodic with pe- 
riod then Xi{(p^,Q) is the multiplier of the cycle as defined on page IH 
Also, expanding both 4>^ (z) and h^{z) around Q as described, we see that the 
following two conditions are equivalent: 

1. {(t)^,Q) ^ Xt{h^,Q) for < i < n, and 

2. ord^^Q i^pN.^,h) >n + l. 

The Xi can therefore be used to compute the order of vanishing of the /i-tuned 
dynatomic polynomials at a point Q G , which is the key to proving they are 
indeed polynomials. 

We recall the following definitions from complex dynamical systems. The 
cycle containing Q is 

• attracting if |Ai((/i"'^, Q)] < 1, 

• repelling if |Ai((/)^, Q)] > 1, and 

• indifferent (or neutral) if |Ai((/)"'^, (5)| ~ 1. 

In the last case, if Xi{(j)^,Q) is a root of unity then the cycle is said to be 
rationally indifferent. 

Lemma 6.2. Let f,g,h be rational maps. Then: 

(a) If Xi{f,h{Q)) — Xi{g,h{Q)) for all < i < n, then also Xi{fh,Q) = 
Xi{gh, Q) for all < i < n. 

(6) If Xi{f,Q) — Xi{g,Q) for all < i < n (in particular, we require f{Q) = 
g{Q)), then also Xi{hf , Q) — Xi{hg, Q) for all < i < n. 
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Remark. Suppose we have (f>,h € K{z) and let / 6 PGL2 be some change of 
coordinates. Then Lemma [6T2] savs that 



A,(0, Q) = Ai(/i, Q) for all < i < n 

=^ A,(0/, /-iQ) = K{hf, r'Q) for aU < ^ < n 

^ A,(/- V/, /"'Q) = Mr^hf, r^Q) for all < z < n. 

So if (t>{Q) — h{Q), then equality of the first n coefficients, Xi{(l>, Q) and Ai(/i, Q), 
is preserved under PGL2 conjugation. This is how the Lemma will be applied. 

Proof. The proof is essentially the chain rule. The n = case is clear. For 
1 < m < n, 

m 

\m{fh,P) = Y,\k{fMQ)) n K(h,Q) 

k—1 fc-tuplcs {ii....,ik) 
•iiH m 

■m 

= X! ''^''■(5' n -^^j '5) by the hypothesis 

k—l fc-tuplcs 

ilH hik=m 

= Xnigh.Q) 

■m 

\rn{hf,Q) = Y,\k{hJ{Q)) W K,{f,Q) 

k—l /e-tuplcs {ii,...,ik) 
h-ifc— m 

m 

= ^ Afc(/i, .g(Q)) J]^ \i. {g, Q) by the hypothesis 

k—l fc-tuplcs 

iiH hifc=m 

= Xmihg,Q). □ 

Lemma 6.3. Let = h'^iQ) as before. For any Q £ K , 

p-1 

l[\i{h,Q.,) = l. (13) 

i=0 

Furthermore, if Q E Fix(/i) and K has characteristic different from p, then 
Xi{h, Q) is a primitive p*'' root of unity. 

Proof. The first result follows from the fact that hP{z) — z. For all Q E 
this gives {h^) (Q) = 1, so the numbers Xi{h, Q) = h'{Q) are well-defined (and 
nonzero) for all Q E K. So then 

p—i p— 1 

Y[Xiih,Q,) = Y[h'iQ,) 

= (WQ) = i- 
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If Q e Fix(/i), equation ^ becomes (Ai(/i, Q)f = 1. If Ai(/i, Q) = 1, then 
Q is a double root of h{z) — z = 0. The automorphism h has exactly two fixed 
points counted with multiplicity, and from Lemma 15.11 we know that they are 
distinct since charX ^ p. So Xi{h,Q) must be a primitive p^^ root of unity, 
since p is prime. □ 

Lemma 6.4. Suppose that (t){Q) — h{Q) . Then 

, ^ ^ = ^ /, ^\ V all i,j>0. (14) 



i=0 



Proof. As described in Section [5l we assume without loss of generality that 
infinity is not in Oh{Q). The required change of coordinates is permitted by 
Lemma 16.21 

Since (j)h — hcj), 

Xi{(f>h,Qi) = Xi{h(f>,Qi), 
Xi{cf>,Q,+i)Xi{h,Q,) = Xi{h,Q,+i)Xi{^,Q,). (16) 

Dividing each side of equation (fTB|) by the product Ai {h, Qi)Xi {h, Qi+i) — which 
is nonzero by Lemma 16.31 — along with an induction gives the first result. 

To prove the second result, divide each side of equation (fTB|) by Xi{h, Qi) to 

get 

Repeatedly using the substitution in equation (|17p . we have 

' Xi{h,Qi 



Ai(0, Qi) = Ai((/), Qo) I , ^ ^ 
\Xi{h, Qq) 

Now, applying the identity in equation (|13p . we have 

p— 1 1 



Ai(/i,Q) 



Ai(/t, Qi) 
Ai(/i, Qo) 



□ 



Lemma 6.5. Assume 4'{Q) — h{Q)- If Xj{(j),Q) = Xj{h,Q) for all 1 < j < e, 
then 

(a) Xj{4>, Qi) — Xj{h, Qi) for all Qi e Oh{Q) and all 1 < j < e, and 

(6) Aj ((/>*, Q) — Xj{h^ , Q) for all i and all 1 < j < e. In particular, we have 
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• Ai {4>^ , Q) — \, and 

• Q) = for all 2<j<e. 

Proof. Note first that \i{h,Qi) 7^ by the fact that nLi'^i(^'Qi) = 1 
Lemma 16.31 

The first assertion is proved by induction. If Ai(/i, Q;) = Ai(0, Qi), nei- 
ther is 0, so we may cancel them both in equation (jl6p to get Ai(/i, Qi+i) = 

Ai(^, Qr+l). 

Now suppose the impHcation holds for 1 < j < e — 1, and that Aj((/), Qi) = 
Xj{h, Qi) for all 1 < j < e. Because (ph — h(p, we get 

Xe{4>h,Q,) = Xe{h4},Qi). 

This gives 

Ae(0, Q,+i) {Xiih, Q,)y + (Si) + Ai(0, Q.+i)Ae(/i, Q,) 

= Ae(/l, Q^+l) {Xiicj), Qijf + {S2) + Xiih, Q.+ l)Ae(0, Qi), 

where (Si) represents terms involving Xj{(/),Qi+i) and Xk{h,Qi) with 1 < j < 
e — 1 and k < e, and similarly for {82)- These terms will be equal on each side 
by the induction hypothesis, so they cancel, as do the final two terms by the 
fact that Xe{h, Qi) = Xe{(f>, Qi). We are left with 

Ae(</),Q,+i)(Ai(/i,Q,))' = A,(/i,g,+i)(Ai(</),g,))^ 
Xeif^^Qi+i) = X^{h,Q^+i), 

where the last equality follows from the fact that Ai((/), Qi) = Xi{h,Qi) ^ 
again. 

For the second assertion, note that Aj Q) is some polynomial combination 
of Xk{(f>,Qi) for 1 < fc < j and Qi G Oh{Q), and Xj{h^,Q) is the exact same 
polynomial combination of Xk{h,Qi). By the first assertion, then, these two 
must be equal for 1 < j < e. 

The final two statements follow immediately from the above and the fact 
that hP{z) = z. From which we know that X\(hP,z) = 1 and Xj{hP,z) = for 
j ^ I. In particular, these hold aX z = Q. □ 

Lemma 6.6. Assume (f){Q) — h(Q), and let e be the smallest positive integer 
such that Xe{(j),Q) ^ Xe{h,Q). Then 

X,{c^,Q) - X,{h\ Q) = J ^ii4>, Q^)^ (Ae(0, Q) - X,ih, Q)) . 

Proof. We proceed by induction. The claim is trivial for j = I. Assume the 
relation holds for j — 1. Note that by Lemma [6.5[ for all < / < e we have 
Xf{(jf,Qj) = Xf{h^,Qj) for all non- negative integers i and j , which gives equality 
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of the terms marked (5*1) and (6*2) in the first equation below. 

Ae(0^Q)-Ae(/^^Q) 

= (Ae(0, Qj_i)Ai(0^-\ Q)^ + (^1) + Ai(0, Q,-i)Xe{^-\Q)) 
- (Ae (h, Qj-i)Xi QY + {S2) + Ai (/i, Q,-i)\e {h'-\ Q)) 

+ Xi{^, Qj-i)iXe{(fP-\Q) - X,{h^-\Q)) 
= X^{(jy'-\Qr{XM Q,_i) - X,{h, Qj_i)) 

+ (.7-1) (^nAi((/.,QO^ (Ae((/.,Q)-Ae(/i,Q)). (18) 

It remains to calculate the first term in this sum. First, note that 

Xi{^-\Q) = W Xii(j), Qr) (recall that Q - Qo)- 

We again use the fact that 0/i = Equality of the terms [Si) and (6*2) follows 
as usual. 



Ae(0/l, Qi) = Ae(/l0, Qi) 

Ae(0, Q»+i)Ai(/i,Q,)' + (^1) + Ai(0,Q,+i)Ae(/i, Q.) 

= Ae(/i, g^+i)Ai(0, Q,Y + (^2) + Ai(/i, Q,+i)Ae(0, Q,) 

Al((/>, Qi)"" (Ae((/), Qi+l) - Xe{h, Qi+l)) = Ai(0, Qi+l) (Ae((/), Qi) - Xe{h, Qi)) . 

So inductively again, 

Ai(0^-\ g)'^(Ae(0, Q,-i) - Xe{h, g,_i)) 

= (^n^i^-^'^*)') (Ae(^,Q,^i)-A,(ft,Q,_i)) 
1=1 

Substituting this into equation (fT8| above gives the desired result. □ 

Proposition 3.4 in [13 characterizes exactly when the order of vanishing of 
the dynatomic polynomials is positive at some point. We begin with a definition. 

Definition 6.7. Let 

o-q{^) = ord^^gi^N) = ord^^Q{(f>^ (z) - z), and 
a*Q{N) = ord,^Q($^) = ^^(iV/fc)aQ(fc). 

k\N 
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Note that this is the same aQ{N) given by the intersection multiplicity on 
page [3 

Lemma 6.8 (Lemma 3.4 in [13]). Let K be a field, let X/K be a smooth 
projective curve, and let (f): X —> X be a non-constant morphism defined over 
K . Suppose that Q E X is a fixed point of (f>. 

(a) agiN) > agil) for all N>1. 

(6) aQ{N) > aq^l) if and only if one of the following two conditions is true: 
(z) agil) = 1 and(j)'{Q)^ - 1. 

(ii) aqll) > 2 and N — in K , in which case aQ{N) > 2aQ(l) — 1. 

We prove the analogous result for the /i-tuned dynatomic polynomials, be- 
ginning again with a definition. 

Definition 6.9. For p a prime, let 

p-i 

bgipN) = ord,=Q(vI/pjv) - ^ord,=Q (^^(z) - h^z)) 
b*QipN) = ord.=Q(vI/;jv) - J2 KN/k)bQ{pk) 



k\N 
pk\N 



b*Q{pN) = ord.^Q (vl/;^) 



_ j ifQe Fix(/i) 

1 bq (pN) otherwise. 

Lemma 6.10. Suppose Q has h-period 1 for (p and Q ^ Fix(/i). If p \ N , then 
bgipN) = 0. Ifp\N, then 



Ai(0,Q) ^ 

N 



^ 1 for all j =^ bQ (pN) = bg ip) = 1 (19) 



(wS)) =^f"''"^'A=^bQ{pN)>bQ{p)^l (20) 
and Xi{^,Q) Xi{hi,Q) J 



-^1 (0j Q) — ^1 {h'' , Q) for some j 



bgipN) > bqip) > I ifchaiK\N 
bgipN) — bqlp) > 1 otherwise. 

(21) 



Proof. Before continuing, we have some reductions. From the definition, we 
have 

for any 1 < :/ < p — 1. So by renaming the automorphism, we may assume 
that 0(Q) = h{Q) ^ Q. By the proof of Lemma EH then, ^^{Q) = h^{Q) 
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for all k. In other words, for all Qi G Oh{Q), 4>{Qi) = h{Qi). If Q is a point 
such that 0((5) = h{Q), we may change coordinates so that Q = = [0 : 1] 
and no Qi G Oh{Q) satisfies = oo = [1 : 0]. We will see that the condition 

is equivalent to Ai((/>^, Q) — Xi{h^ , Q) for N = j (mod p). By 



/ Ai(0,Q) \" _ -, . 

Lemma [6.21 each 



of the conditions above are preserved under this change. 
Since h has order p, every point Q gP^ has period p under h. For Q ^ Fix(/i), 
the primitive period for Q must be p. Therefore, Q has primitive period p for 
as well. Since <t>^{Q) = Q ^ h^{Q) for any 1 < j < p— 1, we see that bQ{pN) — 
whenever p \ N. 

Because Q has primitive period p for /i, the orbit Oh{Q) consists oip distinct 
points. We assume that 0(Q) = h{Q), so 0(Q) 7^ h^{Q) for 2 < j < p— 1. Hence, 
^q{p) — ordz=Q ((/>(2:) — ^(2)). We now proceed, focusing just on this term. 

For each i, we have 

n 

0(z) = Q,+i+^A,(0,Q,O(z-Q^y +O((z-Q.0"+^) (22) 
i=i 

n 

Kz) = Q,;+i+5I^^-('*'^*)(-^-QO'' + 0((^-QO"+') (23) 

n 

From this, we see that &q(p) = 1 if Ai((/>, Q) ^ Ai(/i, Q). Otherwise &q(p) = 
e > 1 where e is the smallest integer such that Ae(0, Q) 7^ Ae(/i, Q). (Note there 
must be such an e since both are rational maps, but deg(j) > degh.) 

Assume now that Xi{(j),Q) Xi{h,Q), and let N = pM + j for some 1 < 
j < p — 1. Iterating equation ((22| starting with Qo = 0, we have 

0(z) = gi + Ai(0,O)z + O(z2) (24) 
riz) = ( n <54) ) z + O(z') (recall that Qp = Qo = 0) 



4=0 

Ai(0,O)V 



.Ai(/i,0) 



z + 0(z2) by Lemma 1131 (25) 

pA/ 



pM 3-1 
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Combining this with equation (j23p . we have 
' Ai(0,O) \ 

Mh,o)J 



1=0 / 
' '^^ 1=0 i=0 / 

So bQ{pN) — bQ{p) = 1 unless the coefficient of z above vanishes, or in other 
words unless 



T4rS)''' n = 1 (™ E>^^ih,Q.) ^ by LemmalO 



Equivalently, bQ{pN) — bQ{p) — 1 unless 

pM+j 

= 1 (by equation (27) 



' Ai(0,O) Y 
.Ai(^0)y' 

The first two assertions follow from this. 

We now consider the case that Ai(0,Q) = Ai(/i, Q)- We saw above that 
in this case 6q(1) = e > 1 where e is the smallest positive integer such that 
Ae(0,Q) ^ Ae(/i,g). So by Lemma [631 Ai(0p,O) = 1, and Aj(0p,O) = for all 
2 < J < e. Therefore 

(t>P(z) = z + Ae(</)^0)z^ + O(z^+l). (28) 

We may iterate 0^ in this simpler form to find that 

0P^'^(z) = z + AfAe(0P,O)z'^ + C'(z'=+i). 

Composing this version of 0^^^(z) with the expansion of </> in equation (P^ . we 
find the following. 

<^pA/+j (^) ^ Q^. + Ai(0^ 0) (z + Af Ae(</)^ 0)z^ + ©(z-^+i)) 

+ A2 ((/)■'■, 0) (z + MAe(0^O)z'= + 0(z^+i))' + • • • 

= + ^ A,;(0^O)z* + (Al((/)^O)7^Ae(0^O) + Ae(</)^0)) + 0(z^+i] 

4=1 

e-1 

</.f^'^+^(z) - /i^(z) = ^ (A, (0^0) - A,(/i-'",0)) z* 

4=1 

+ (Al(0^O)A/Ae(0^O) + Ae(0^O) - Ae(/i^O)) z^ + 0(z^+i). 

By Lemma [6.5[ the terms Xi{(p^ ,0) — Xi{h^,0) vanish, hence bQ{pN) > e. By 
Lemma [ 



Xe{<lf, 0) = Ae((/)P, 0) - Ae(/i^', 0) sincc e > 1 means Xeih", 0) = 0, 

= pfn^l('^'^^)l (Ae(<^,0)-Ae(/.,0)). 
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So the coefficient of z'^ vanishes if and only if 

/ p-i j-i \ 

MpAl(0^ 0) n Ai(<^, Q») + J n ^i(<^' Q') (^«(<^' 0) - ^e(ft,0)) = 0. 

\ 1=1 i=l / 

Now, Ae(0,O) — Ae(/i,0) ^ by our choice of e. Further, 

Al(0^o) = ^^l(<^'Q')■ 

By Lemma [Ol Jlti -^iC*/*; so we may divide by it. Thus, bQ{pN) > e 

if and only if 

p-i 

i=0 

From Lemma [6^ we know that nr=o^ Qi) = 1, so this says N = Alp + j = 
0. That is, the coefficient of vanishes if and only if the characteristic of K 
divides N, and in this case bglpN) > e. □ 

Lemma 6.11. Suppose Q G Fix(/i) nFix((/)) and K has characteristic different 
from p. Then 



/ Ai(0,Q) 

( Ai(0,Q) \^ 



AT 



7^ 1 /or all j 



1 /or some j I 
a«rf Ai(0,Q) ^ Ai(/i^Q) J 

Ai (0, Q) = Ai (/i-' , Q) /or some j 



hqipN) = 6q(p) =p-l 
bgipN) > bQ{p)=p-l 



(29) 
(30) 



&q(pA^) > 6q(p) > p - 1 z/ charK | N 
bq [pN) ^ bQ{p) > p — 1 otherwise. 

(31) 



Proof. If (f>{Q) ~ Q and /i(Q) = Q, then z = Q is a root of (t){z) — ^■' (z) for 
every 1 < j < p — 1. This gives the lower bound on bq^p). 

From Lemma 16.31 Xi{h^ ,Q) is a primitive p*"^ root of unity for each j. But 
also 

Al(;^^Q) = (Al(/^,Q))^ 
by the definition of the Ai and the fact that Q £ Fix(/i). Hence, if i ^ j, then 

Al(/l^Q)7^Al(/^^Q). 

So if Ai (0, Q) = Ai (/i^ Q) , then Ai (0, Q) 7^ Ai (/i' , Q) for alll < i < p - 1 with 
i + j- 

That is, if 6q(p) > p — 1, the excess is accounted for by a single factor of 
^p{x, y). The rest of the proof proceeds exactly as in Lemma lB.lOi focusing on 
that one factor. □ 
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We conclude the section by stating Proposition 3.2 from [T3], which will be 
used in the sequel. 

Proposition 6.12. Let K be a field, X/K a smooth projective curve, and let 
(j): X X be a non- constant morphism defined over K such that (j)"' is non- 
degenerate {that is, such that the graph of (p^ and the diagonal intersect prop- 
erly). Fix a point Q £ X and define integers m, q, r by 

m — the primitive period of Q {set m — oo if Q (f: Per((/))), 
q = the characteristic of K , 
r = the multiplicative period of (0™)' {Q) in K 

{set r = oo if m ~ oo or if (0™)' {Q) is not a root of unity). 

{a) a*Q{N) > for all N > 1. 

(6) Let N > 1. Then aQ{N) > 1 if and only if one of the following three 
conditions is true: 

{i) N = m. 
{ii) N — mr. 

{Hi) N = q^mr for some s > 0. 

7 Reducibility results 

We now prove one of the main results of this paper. 

Theorem 7.1. Let (j) be a rational map with an automorphism h of prime 
order p. Let K be a field over which (j), h, and the points in Fix(/i) are all 
defined. 

{a) If K has characteristic 0, then the dynatomic polynomial $*jv reducible 
over K for all but finitely many values of N . 

(6) For K of arbitrary characteristic, the dynatomic polynomial ^^^j^ is reducible 
over K for all but finitely many prime integers N . 

The proof of Theorem 17. II is split into several Propositions. We outline the 
argument here: 

• If > 1, then ^f*^ is a polynomial. (Proposition 17.21 ) 

• For aU > 1, we have | <I)j;^. (Proposition [Ll) 

• For all > 1, the /i-tuned dynatomic polynomials satisfy dcg^*jY < 
deg**^. In fact, this holds for iV > 1 if d > 2. (Proposition O) 

• The /i-tuned dynatomic polynomials are nontrivial for almost all N , as 
described in the statement of the theorem. (Corollary 17.81 for positive 
characteristic, and Proposition 17.91 for characteristic 0.) 
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Proposition 7.2. With the hypotheses in Theorem \7.1[ ^'*^ G K[x,y] for all 
N > 1. More specifically, fix a point Q G and define integers m, q, and r by 



m — the primitive h-period of Q for (p 

{set m = oo if Q ^ Per((/))), 
q — the characteristic of K , 

r = the multiplicative period of , Q) / \i{h^ , Q) , 

where I < j <p - I satisfies = h-' {Q) 

{set r — oo if either m — oo or if Xi (0™ , Q) / Xi{h-' , Q) 
is not a root of unity for any 1 < j < p — 1). 



(a) b*Q{pN) >0 for all N >1. 

(6) Let N > 1. Then b*Q{j)N) > 1 if and only if one of the following conditions 
is true. 

(i) N — m. 

{ii) N — mr, withp\r. 
{Hi) N — mrq^ for some s > 1 and p \ r. 

Proof. If '^p^{x,y) is a polynomial, then from the definition ^^j^{x,y) will be 

a polynomial as well. Further, if Q e Fix(/i), then bQ{pN) = 0; otherwise 

b^{pN) = b*Q{pN). Therefore, we prove that if Q ^ Fix(/i), then b*Q{pN) 
satisfies the statement of the proposition. 

From Lemma [6. II we see that if m | A^, then bQ{pk) = for every fc | iV. So 
also bQ{pN) = 0. We need only consider the case that m \ N. Now suppose 
that p \ N. The condition that pk \ N adds no information, so we may calculate 



For clarity we write bQ{(j),pN) for bQ{pN) because we will be dealing with 
multiple rational maps. Let ip = cjf^ — so Q has primitive /i-period 1 for ip — 
and let n = N/m. By the argument above, the only terms which contribute to 
the sum in equation (|32p are the ones where m | fc, so 



b*Q{pN) = KN/k)bQ{pk) = 5]M(^^/A)^Q(pfc)• 



(32) 



k\N k\N 
pk\N 



h*Q{(t>,pN) ^"Yfi{N/k)bQ{pk) ^Y.fi{mn/mk')bQ{(l),pmk') 



k\N k'\n 



= J2^i{n/k')bQ{r\pk') = 




= b*Q{ip,pn) 



since p \ n. 
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Since Q has primitive /i-period 1 for tp and Q ^ Fix(/i) , we may apply Lemma [6.10l 
For clarity of notation, we rename the automorphism so that i^{Q) — h{Q). 



Case la (4tgi)'V 1- 



Case lb Ai (■)/', Q) = Ai (/i, Q) and q\n. 

In both cases, we have bQ{tp,p) = hQ{'ij;,pk) for all k \ n. So then 

^fi{n/k)bQ{ilj,pk) = ^p.{n/k)bQ{il;,p) 

k\n k\n 

{bQ{ip,p) > if n = 1 SO that N = m 
if n > 1 so that N > m. 

Since bQ{ip,p) = bQ{(f>^,p) — bQ{(j)^pN), we conclude that in these cases 
b*Q(pN) = bqipN) > if and only if m = A^. 
Case II Ai('0, Q) = Xi{h,Q) and q \ n. 

Write n = q'^M with q | M. Since ipiQ) — h{Q), we know from the proof of 
Lemma 16.11 that 

tP'i\Q) = /i9'(Q) = /i^ (Q) for some < j < p - 1. 

Since p ^ q (we know p \ n but g | n) we see that in fact 1 < j < p — 1. Then 
because Ai(7/',Q) = Xi{h,Q), Lemma 1531 savs that also 

Ai [tp''\Q) =Ai (/i«',q) -Ai (/^^Q). 
If /c I M, then necessarily 9 -j" /c, so we apply equation (PTjl to conclude that 

5q {^,pq'k) = 6q (V''\pfc) = [^'^\p) = 6q (V',mO • 
We then compute 



b*Q{tp,pn) = ^fi{n/k)bQ{tp,pk) = ^ fi{n/k)bQ{ijj,pk) since p | n 

k\n k\n 
pk\n 

s 



k\M i=0 

^ibQ{ij,pq^)-bQilb,pq--^)>0 ifM-1 
[0 ifM>L 

The fact that bQ{tp,pn) > when M ~ 1 follows from applying equation (|2ip 
to the difference bg ,p]. So we have shown that in this 

case, b*Q{(j),pN) > 0, and that b*Q{(j),pN) > if and only if iV = mq^ . 
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Case III 



= 1. 



Since r is the exact order of in K , we have r \ n (and further ?' > 1 or 

we are in Case lb or Case II). If r f fc, then by Lemma lB.lOi bQ{tp,pk) = bQ{tp,p). 
So we may spHt the sum of bQ{ijj,pn) into two parts: 



/ 



'^^{n/k)bQ{ip,pk) 

k\n 



\ 



E+E 

k\'n k\ n 
\r\k r\k / 

( 



n{n/k)bQ{ip,pk) 



\ ( 



^fi{n/k)bQ{ip,p) + ^^{n/k)bQ(jp,pk) 



\r\k 



J 



k\n 
■\k 



= E A'("-/^)^q(V'>-P) + E {bQ{ip,pk) - bQ{jp,p)) 



k\n 



k\n 
r\k 



Since n > 1 the first sum vanishes, so we have 



'^^i.{n/k)bQ{ip,pk) = ^fi{n/k) {bqi^j.pk) - bQ{ip,p)) 



k\n 



k\n 
r\k 



Now li k\n and r \ fc, then k ~ rk' for some k' a divisor of njr. So we can 
rewrite the final sum as 

Y,^^{n|k){bQ{i>,pk)-bQ{i;,p))= ^f!ltYbQ{i:,prk')-bQi^P,p)) 

k\n k'\{n/r) ^ 

r\k 



E f^(^) ihir, pk')~bQ{i.,p)) 



k' I {n/r) 

= b*Q{ip'',pn/r) - 



\bQ{tl;,p) if n = r 
lo ifn>r. 



If n = r, then 



b*Qicj),pN) = b*Qi^,pn) b*Q{r,p) - bQi^b,p) 

= bQ{^'',p) - bQ{ip,p) = bQ(il},pr) ~ bQ{ip,p) > 0. 

And in this case, 

b*Q{<l>,pN) = bQ{ilj,pr) - bQ{i),p) 

= bQ{cj,^,p)^bQ{r,p)- (33) 
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If n > r, then 



b*Q (</>, pN) = 6^ pn) = b*Q {r , Pn/r) . (34) 
Since p\r, 

^'■(g) = K'{Q) ^ h^{Q) for some l<j<p~l, 

and as before we have 

Al(V'^Q) ^ /AiWso)y ^ 

If n 7^ in if, we may apply Case lb to ip'^ and conclude that bQ{ip'^ ,pn/r) = 
since n/r > 1. If n = in i^T, then we can apply Case II to bQ{ijj'^ ,pn/r) and 
again conclude that bQ^^p^ ,pn/r) — unless n/r — q'^ for some s > 1. 

In Case III, we therefore conclude that b*Q{pN) > if and only if n = r or 
n = q^r, so N — mr or N = mq^r. 

We must now consider the case that p \ N, so N — p*-N' where t > 1 and 
p\ N' . Then the condition that k \ N but pk\ N means that k — p*k' for some 
k' that divides N' . So we have: 

b*Q{cP,pN) - f^iN/k)bQ{<l>,pk) ^ J2 f^iP*N'/p*k')bQ {c^,p{p'k')) 

k\N k'\N' 
pk\N 

= J2 l^{N'/k')bQ , pk') = b*Q (<lf' , pN') since p\N'. (35) 

k'\N' 

Suppose that Q has primitive /i-period m! for <pP and primitive /i-period m 
for 0. We know that the primitive /i-period for must divide p*m'. That means 
m = p*'m" with <t' <t and m" \ m! . If t' < t, then 0p™(Q) = Q 7^ h{Q). 
Hence t' = t and also m" = m' by minimality of m'. So in fact m = m'p* . 

We now apply the results above to the map (ff . We conclude that b*Q (0, piV) > 
for all Q e and b*Q{(t>,pN) > if and only if one of the following conditions 
hold. 

1. Q has primitive /i-period N' for (jf* . So by the argument above, Q has 
primitive /i-period = p^N' for 0. 

2. Q has ft-period m' for 0^' , and N' — m'r. In this case, iV — p^N' — p*m'r. 
By the argument above, Q has primitive /i-period m = j<*m' for (f>. So we 
have iV — mr. Note that r | A^' so p | r. 

3. Q has /i-period m' for and A^' = m'rq". In this case, iV = p'^N'q^ = 
p^m'rq^ . So with m = p*m' we have N = mrq'^ , and as above, p \ r. □ 

Proposition 17.21 says that the /i-tuned dynamotic polynomials are indeed 
polynomials, justifying the name. Wc now show that they divide the associated 
dynatomic polynomials. 
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Proposition 7.3. For every N > 1, ^f*^ | <I>*^. 

Proof. To show that 5'*^ | we must show that a*Q{pN) > bgipN) for 

aU Q e F\ If Q e Fix{h), then b^{pN) = for all N, and the resuh is 

immediate, so we assume Q ^ Fix(/i), in which case hgipN) — h*Q{pN). We 
need only consider the case b*Q[pN) > 0; Proposition 17.21 describes the three 
ways this can happen. Throughout, we assume that bglpN) > and that Q 
has primitive /i-period m for some m \ N, and we rename the automorphism so 
that 0"(Q) = h{Q). 
Case I N — m. 

Since (j)^ {Q) = h{Q) and N is the smallest such integer, we may conclude 
(j)^^{Q) = Q, and in fact pN is the primitive period of Q. Since bQ{pk) = for 
k < N, we have b*Q{pN) = bQ{pN). Similarly, since pN is the primitive period 
of Q, aqik) = for fc < pN; therefore a*Q{pN) = agipN) > 1 by Lemma iHl 
If bQ{pN) = 1, we are done. 

Otherwise, bQ{pN) = e > 1 where e is the smallest positive integer such that 
Ae (0^,(9) 7^ Ae(/i,Q). ByLemmaiSl then, Ai((/)P^,Q) = 1 andAi(0P^,Q) = 
for 1 < i < e. This says that aQ{pN) > e, and we are done in this case. 
Case II N — mr with r > 1, p ] r, and a primitive r**^ root of 

unity. 

As above, since Q has primitive /i-period m for we know that Q has 
primitive period pm for 0. Also, since '^^j^), is a primitive r*^ root of unity 
and p \ r, we have by equation (|25p 

is also a primitive r*'' root of unity. 

From Proposition 17.21 fsee equation ((33)) ). we know that 

A similar proof in 13J shows that, since Xi{(j)P"^,Q) is a primitive r'^ root of 
unity, 

a*Q{pN) = aQir"" A) - agir'^a). 

Since Ai((/)J"",Q) 7^ 1 and Ai(0'", Q) 7^ Ai(/i, Q), we conclude that 6q(0",p) = 
aQ(0P™,l) = 1. It remains to show that if 6q(0^,p) = e > 1, then aQ((/)P^, 1) > 
e, but this follows immediately from Lemma l6.5[ exactly as in Case I. Summa- 
rizing, we have 

a*Q{pN) = agipN) - agipm) = agipN) - 1 

> bgipN) - 1 = bgipN) - bgipm) = 6^(piV). 

Case III N = mrq^ with "^^^^/^j 'g^^ a primitve r'^ root of unity, and K has 
characteristic q. 
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Once again, the primitive period of Q is pm. By equation (|34p . we see that 

= bQipmrq") - bQipmrq""^), (36) 
and in |13| a similar argument shows that 

o*q{pN) = aQipmrq") - aQipmrq"'^). (37) 



From Proposition 17.21 and Lemma [6.101 we conclude that 6q(0™'",P(7^ 
e > 1 and hqlff)™'^ ^pq") = / > e > 1. For ease of notation, we let V' = 0" 
Then we have ipiQ) = h^{Q) for some j, and furthermore since e > 1, 



A,(V', g) = A,(/i^ Q) for 1 < i < e, and (38) 

Ae(V,g)^Ae(/i-'',Q). (39) 

Note that Ae {{h^Y, Q) — since e > 1, so by Lemma 15^ we have 

Ae(0f'"'^'°",g) = Ae(v^g) = Ae(V'^g) - Ae {{h'r,Q) 

= P g.)^ (Ae(^, Q) - Xe{h\ Q)) 

= P i¥rri%X iM^^ Q) - Mh',Q)) by Lemma lO] 



Ai(/i^g), 

p(Ae(V', g) - \e{h\Q)) by equation ([381) 



This can never vanish by equation ([551) the fact that qj^ p. Therefore 

aQipmrq"^^) = hQ^pmrq"^^) = e. 
The exact same argument applied to ^jj — (jyP'^'^'i shows that 

aqipmrq'') = bqlpjnrq") = /. 
Equations ([36]) and ([37|) . then, show that a*Q{pN) — bgipN) in this case. □ 

In order to prove that the dynatomic polynomials $*7v are reducible for 

infinitely many N , we must be sure that the factors ^'*^ are nontrivial. The 
example at the end^of Section O shows that this is not always the case. First, 
we show that deg^"*^ < deg<i>*^ for suitable choice of N. We require one 
additional Lemma. 

Lemma 7.4. For n > 1, a > 2 and p > 2, 

k\n k\n 
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Proof. Let f{n) — a^" and g{n) — pa'^, and define h = (/ — (?)* M, where * 
represents convolution in the usual number-theoretic sense. The statement of 
the lemma is equivalent to h{n) > for all n > 1. By properties of convolution 
(see [5] for example), h*l~{{f — g)*fi)*l = f — g. In other words, 

J2Hk) = aP" -pa". 

k\n 

We will show by induction that h{n) < a^" and h{n) > for all n > 1. Since 
o > 2 and p>2, 

h{l) ^oF -pa<aF and h{l) = a{aF^^ - p) > 0. 

In fact, h{l) = if and only ii a = p = 2. Now consider a prime q, 

h{q) = - pa' - h{l) < a^i since pa'> > and h{l) > 0. 

But also 

h{q) = aP" - pa" -aP+pa:^ aPiaP^"-^^ - 1) - pa{a''-'^ - 1) 
> aPia"-^ - l)(a«-i + 1) - paia"-^ - 1) since p>2 
= (a«-i - l)(aP+«-i + flP - pa) > since > pa and g > 2. 

Now suppose that for all /c < m, we have h{k) < a^*^ and also that h{k) > 
if A; > 1. If m is prime, the result holds by the argument above. Assume then 
that m is composite (so clearly m > 3). For all k \ m, if k =^ m, we have 
h{k) > by the induction hypothesis, so 

h{m) = aP"' - pa"" - ^ h{k) < aP"\ 

k\rn 

Also by the induction hypothesis, h{k) < a^^ for each k in the sum above. 
Further, the largest divisor of m is at most m — 2 since m > 4. Thus, 

^p(m-l) _ 



< a' 



p{m — 2) 



k\m 
k^m 



aP -1 



Using this rough estimate, we find 

p(m-l) _ p 

h{m) > aP"" - pa"" - 



-pa" 
pa"" 



aP ~l 

^p(m+l) _ ^pm _ ^p(m-l) 

~ aP - 1 

_ aP("-i) {a^P - 1) - aP™ + , 
~ aP - 1 

pTTi p 

= aP("-i) {aP + 1) - — - pa"" 

aP — 1 

> aP"" + aP("~i) - aP™ + aP - pa"" since the denominator is > 1 

= aP(™-i) + _ > 0. □ 
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Proposition 7.5. Assume the hypotheses in Theorem \7. 1\ and let deg(j) — d. 
(a) Ifd>2, then deg^^ < deg$;^ for all N >1. 

(6) Ifd^2, then deg^j^ < deg$;^ for all N > 1. 



Proof. From definition 15. 3| we see that deg ^f*^ < deg ^f*^ for every N. So 
we prove now that deg^**^ < deg$*^ for TV > 1. Consider first the case that 
p] N, so if pk\ N for all k. Then 



deg 5-;^ = fi{N/k){p-l) {d' + 1) =Y,KN/k){p~l) {d'^ + 1) 

(40) 



k\N k\N 
pk\N 



(p - 1) (d + 1) if iV = 1 

.b-i)E.|„MWfc)rf' ifiv>i. 



Note that if k \ pN then either fc | or fc = pk' for some k' \ N. So 
deg$;^= J2l^ipN/k) + 

k\pN 

= J2 l^ipN/k)d' + ^ ^i{pN/pk)d^'' + fiipN/k). 

k\N k\N k\pN 

Since by hypothesis p \ N , we know that gcd(p, A:) = 1 for k any divisor 
of iV. Therefore fi{pN/k) = fi{p)^i{N/k) = -^(iV/fc). Also, pTV > 1 so the final 
term vanishes. 

deg %N = -Y l^{N/k)d^ + Y l^iN/k)dP'' (41) 

fc|JV fe|JV 



Comparing equations ((40|) and (|4T|) , we see that deg 5"*^ < deg <i>*^ when 

N > 1 follows from the fact that T.k\N 1^)'^^ > Pllk\N K^/k)^^ all 
iV > 1, from Lemma [7j31 

In the N — 1 case, we wish to show that d'' + 1 — p{d + 1) > when d > 2. 
From equations ([40]) and (|41|). we have 

deg $; - deg *; = {dP -d)-{p-l){d+l)^dP-pd~{p-l), 

which is increasing with d, so it will be positive for all d > 2 if it is positive 
when d = 3. In that case, we calculate 

deg$;-deg^';-3f-3p-(p-l), 

which is increasing with p. We check that for p — 2 we have 9 — 6 — 1 = 2>0. 
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Now if p I A'', then we have N = p^N' where i > 1 and p\ N' . The condition 
that k I TV but pk\ N means that k = p^k' for some k' \ N'. So we have: 



degvl/;^ = J2 KN/k)ip - 1) {d'^ + 1) 

fc|Ar 
pk\N 

= {p-l)Y,^^{p'N'/p'k') (y'^V 

k'\N' 



k'\N' k'\N' 

iP-i)j:k'iN'f^iN'/k'){dp'y ifN'>i ^^^^ 

(p-l)(dP' + l) ifiV' = l. 

Since N = p^N', pN = p'^+^N'. If k \ pn but p* \ k, then p^ \ {p*+^N'/k), 
which means that ^{pN/k) = 0. So the only divisors which contribute to the 
sum below are ones of the form where k' \ pN' . 

deg%^=Y,fiipN/k) + 

k\pN 

= E Kp'-^'N'/p^k') (y^') 

k'\pN' 

= E Kpn'/k')[dP'y . (43) 

k'\pN' 

Comparing equations (|^^ and ([33]), wc sec that if iV' > 1 we are reduced to 
the case p \ N above. If A^' = 1, the sum in equation is 

rfP*+' _ rfP* > 4dP' _ dP* since d > 2, p > 2 and t > 1 

= 3^ 

> dP* + 1 since d > 2, p > 2 and t > 1. 

So again deg$;^ > deg^-^^. □ 

We must also prove non-triviality in the sense that \l/*jv 7^ 1. If all roots of 

^pj^ are in Fix{h), then the polynomial 'i'*^^ will be trivial. So we must first 
examine the possible values of hQ{pN) when Q e Fix(/i). 

Proposition 7.6. With the hypotheses in Theorem \ 7.1\ let Q G Fix(/i), and 
define integers q and r as in Proposition \7.2\ Then h*Q (pN) > I if and only if 
one of the following conditions is true. 

(i) N — p*' for some t > 0. 
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N = 


rp* for some t > 0. 


(Hi) 


N = 


rq'^p* for some t > 0, s > I. 


(iv) 


N = 


2p* for some t > 0. 


(v) 


N = 


2rp* for some t > 0. 


(vi) 


N ^ 


2rq^p^ for some t > 0, s > 1 



Proof. Let m be the primitive period of Q for (j). From Lemma 15.11 we know 
that m = 1 or 2. So there are really three cases. 

(i) N = mp* for some i > 0. 

(ii) N — mrp* for some t > 0. 

(iii) N — mrq^p^ for some t > 0, s > 1. 

In the case p \ N, the proofs follow exactly as in Proposition 17.21 However, we 
must reconsider the case where p \ N , since we used in an essential way the 
assumption that Q ^ Fix(/i). 

Suppose, then, that p | A^, so write N = p*-N' where p \ N' . As in equa- 
tion (|35p . we find that 

6^(^,p7V) = 6^ (ct'P\pN'). 

Let to' be the primitive period of Q for 0^ . We must have m' — 1 if m — 1 
or if m — p — 2, and to' = 2 otherwise. Applying the three cases where p \ N 

to bg (j)P\pN'^, we see that either N' = to', or N' = m'r, or N' = m'q^. 

Substituting each of these for N' gives the desired result. □ 

We can now prove a nontriviality result for general fields K by showing that 
points of primitive /i-period £ for (j) exist for almost all primes i. This proof 
is essentially the same as the proof of existence of points of primitive period £ 
found, for example, in [TBI page 154]. The following weak result holds in general. 
In Proposition 17. 9i we prove a much stronger result for rational maps defined 
over a field of characteristic 0. 

Proposition 7.7. Under the hypotheses of Theorem \7.1\ with deg(f> = d, for all 
prime numbers £ except for at most c? -f 6 exceptions, the map <f> has a point of 
primitive h-period £. 

Proof. We begin by discarding the finitely many primes satisfying any of the 
following conditions: 

• £^p. 
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• £ — charier. 



• There is some Q with primitive /i-period 1 and some 1 < i < p — 1 such 
that Ai\/fj ' 'Q) ^ primitive l*"^ root of unity. 

• There is some Q g Fix(/i) and some 1 < j < p — 1 such that Xilh^'^) ^ 
primitive root of unity. 

There are at most d + 1 points of primitive /i-period 1, and the set Fix(ft,) 
has at most two elements, so this hst eliminates at most d + 6 primes. Note 
that we have eliminated the primes where h*Q{pt) > 1 for Q G Fix(/i). 

For any of the remaining primes i, consider a root Q of 'i>*^{x,y). Then Q 
must be a point of /i-period £, and furthermore Q ^ Fix(/i). If Q does not have 
primitive /i-period £, it must have primitive /i-period 1 by Lemma l6.1l Because 
of the primes we have eliminated, and by results in Proposition I6.10[ we see 
that bQ(p£) = bqip), so 

roots of ^plHroots of roots of ^plHroots of 

< J2 bQip) = d+l. 

roots of *]/p 

That is, the total multiplicity of all roots of 5'p£ that do not have primitive 

/i-period £ is at most d+1. But the degree of "ifpi is + 1. So '^pi has at least 

one root that is a point of primitive /i-period £. □ 

Corollary 7.8. For a rational map 4> with degcf) = d, under the hypotheses^ of 
Theorem \ 7. 1\ there exist at most d + 6 primes £ such that the polynomial ^P*^ is 
trivial. 

Proof. This follows immediately from the result above. □ 

As in the case of periodic points, a stronger result is possible if we restrict 
ourselves to characteristic 0. The following result parallels one by I.N. Baker 
for periodic points in [1]. 

Proposition 7.9. Let <f> he a rational map of degree d > 2 defined over a 
field K of characteristic 0, and let h be an automorphism for (p of prime order p. 
Suppose that (j) has no points of primitive h-period N > 1 in K. Then 

(d, TV) e {(2, 2), (2, 3), (2, 4), (3, 2), (4, 2)}. 

Proof. Suppose that is as described, and that (p has no points of primitive h- 
period TV. Then all roots of the (nontrivial) polynomial '^pn{x, y) are accounted 
for by points of primitive /i-period m < N or by points in Fix(/i). Let 
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and for each Q € S, let 

{the primitive /i-period of Q for cj) \i Q i Fix(/i) 

the primitive period of Q for (necessarily 1 or 2) if Q G Fix(/i). 

By Lemma 16.11 and estabhshed properties of periodic points (see [5] , for exam- 
ple), we know that each toq | N . So let 

M = {meZ:l<m<iV and m\N}. 

We now compute lower and upper bounds for 

Y,{hQ{pN)-hQ{pmQ)), (44) 

Qes 

under the assumption that Q d S implies that uiq G M; that is, under the 
assumption that there are no points of primitive /i-period N. For the lower 
bound, 

hqipN) = deg = (p - 1) (d" + 1) (45) 

QGS 

X! bQipniQ) = XI XI ^q(p^q) 

QeS meM''"Q="'- 

Qes 

< X deg *p„, = X - 1) + 1) • (46) 

■ineM meM 

Now, when N = 2, the set M = {1}, so the final sum in equation (|46p is exactly 

(p-l)(d+l) = (p-l)(d^-i + (iV-l)). 
If iV > 2, then gcd(iV, iV - 1) = 1 and so 

X {d"' + 1) < X + 1) ^ '^^"^ + - 1. 

me_A/ i=l 

So we have our lower bound: 

(p _ 1) (d^ _ rf^-i _ (TV - 2)) < X (&Qb^) - (p^q)) ■ (47) 

QeS 

To compute the upper bound, we will use the assumption that all of the 
points in S are roots of '^pm for some m e M. Then from Lemmas l6.10l and l6.lll 
applied to the map i/i™ , we see that bq (pN) — bg [pm) > if and only if 

Ai (0",Q) 
Ai {hi,Q) 
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is a primitive r**^ root of unity for some r not divisible by p and some 1 < j < 
p — 1- Equation ((25|) (again applied to 0™) shows that Xi{(j)P"^,Q) must then 
be a primitive r**^ root of unity. In other words, Q must be on a rationally 
indifferent cycle of length pm. 

Also, by Proposition 17.31 we know that aQ{pN) > hqlpN) for every N . So 
we may now compute the upper bound: 

^ {hQ{pN) - hQ {pruQ)) ^ J2 (^q(p^^ - ^P'^q)) 

Q on a rationally 
indifferent cycle 

< ^ bQipN) 

Q on a rationally 
indifferent cycle 

QeS 

Q on a rationally 
indifferent cycle 

Beardon provides exactly the upper bound wc require; in [51 page 146] he 
shows that 

J2 aQipN)<pNid-l). (48) 
QeS 

Q on a rationally 
indifferent cycle 

By hypothesis, iV > 1. We now show that if d > 4, the inequality 

(p - 1) (d^ - d^-i -{N - 2)) < pN{d - 1) (49) 
cannot hold. Since > ^, we will instead use the inequality 

i(d^-d^"i-(n-2)) <7V(d-l). (50) 
Also, i (d^ ~ d^-i - (n - 2)) > i (d^ - d^-^) - N, so we have 



-(d^- 

2 ^ 


d~-i) 


< Nd 


(d^-i - 


d^-2) 


< N 


d- 
2 




< N 




2d^-2 


<N, 



(51) 



where the last step follows from the assumption that d > 4. The function 
2d^~^ — iV is increasing with N and is when N = 2. Going back to the 
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original inequality (|50p . wc check that for N = 2 and d > 4 it still cannot hold: 

d) < 2{d- 1) 

1) < 4(d- 1) 
d < 4, 

which contradicts d > 4. 

When d — 4, the inequality in equation (|5ip becomes |4^^^ < A^. Again, 
we see that the function |4^~^ — iV is increasing with N and it is already 
positive when TV = 3, so the inequality can hold only when N — 2. 

Similar computations show that when d = 3 and iV > 3, or when d = 2 and 
TV > 5, then inequality ([50]) cannot hold. □ 

With this, we have completed the proof of Theorem 17.11 A consequence of 
this theorem is the following. 

Corollary 7.10. The moduli space M^{pN,€p) is geometrically reducible for 

(a) all but finitely many integers N if K has characteristic 0, and 

(6) all but finitely many prime integers N for arbitrary fields K . 

Proof. This result for the space JidXd{pN, £p) follows immediately from the work 
above. We may fix the automorphism h{z) = ^pZ, and write an arbitrary map 

(j){x,y) as in (j4|). Then whenever '^pN,if>,h is nontrivial, its vanishing defines a 
proper closed subvariety X C Rat d{pN, €p). 

The image of X under the projection Ka,td{pN, £p) Md{pN, £p) is clearly 
closed. We know that 

X = {{a, (p) G X Ratd : a is a point of formal period pN for (f> , 

Aut(0) contains the subgroup {C,pz), and 
CpU G 0^{a)}. 

On the other hand, \iY = Jia,td{pN^ <Lp) \ X then 

F = {(a, 0) G X Ratd : a is a point of formal period pN for , 

Aut(0) contains the subgroup {C,pz), and 
Cpa 0^{a)}. 

The subvarieties X and Y are clearly not equivalent under the PGL2 ac- 
tion, so their images under the projection Katd{pN) Md{pN) will be dis- 
joint. Hence, we see that the image of X will be a proper closed subscheme of 
MdipNXp)- □ 



d(d- 
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8 Reducibility for pure power functions 



We are able to provide a complete description of how the dynatomic polynomials 
factor in the case of the pure power functions z"* and their reciprocals z^'^. 
Note that both maps have the order-2 automorphism z i— > 1/z. Additionally, 
(/)(z) — z'^ has a z ^ Cd-iz automorphism and (t>{z) = ^ has a z i-^ Crf+i-^ 
automorphism, where Cfe represents a primitive k^^ root of unity. 

Lemma 8.1. Let (t>{z) = z'^ for d>2. Then for N > 1, 

feid"-i 

where Ck(z) is the k*^ cyclotomic polynomial in z. 

Remark. We note that this fact has appeared in the literature, for example 
in [llj . As we could not find a proof, we provide one here for completeness. 



Proof. First we show that equation ([52)1 holds for N prime. 



k\N 

nfe|d"_iCfe(z) 



Z c z - n ^^w- 



Now assume that the result holds for all n < N. Since we have the result for 
primes, we assume N is composite, and write N = p'^n for some prime p, with 
e > 1 and p t n. If fc | iV and p"-^ \ k, then p^ \ (N/k), which gives fj,{N/k) = 0; 
in other words, k does not contribute to the product Further, iip'^^^k \ N, 
then k \ pn, so either k — k' or k ^ pk' for some k' \ n, and these sets are 
disjoint since p \ n. Finally, note that since p \ n (and hence p \ k for any k \ n), 
we have ^{p'^n/p'^~^k) = ^{pn/k) = —jilji/k), Putting this all together, we find 



z 



k\N 




-l^k ^^-fi{n/k)\ I ^ ^ ^^^^ -^n(n/k) 

Z 



k\n 
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n 



-1 
-1, 



C'kiz) 



I 



( 



n 



n c^^^y 



I 



The penultimate equality above follows from the induction hypothesis be- 
cause n < N . The final equality follows from the fact that if k \ c?™ — 1 for some 
TO I N and m ^ N , then k \ dP — 1 for some m' \ n or k \ dP " — 1. (Note 
the divisors of m _ ^ some to | n arc included in the first set.) □ 

Example. Let 4>{z) = z^. Here are factorizations for the first few dynatomic 
polynomials: 



= z{z-l) 
= + z + 1 

= z^ + z^ + z^ + z^ + z'^ + z + 1 

= {z^ + z^ + z'^ + z + l) {z^ - z"^ + z^ - z^ + z^ - z + 1) 

= 0^0 + ^29 + ^28 + ^27 + ^26 + ^25 + ^24 ^ ^23 + ^22 ^ ^21 ^ ^20 



+ ^19 + ^18 + ^17 + ^16, 



,^13 + ^12 + ^11+^10 



+ z^ + z"^ + + z^ + z* + z^ 



z'^-z^ 



%{z)={z^ + z^ + l) 



z^ + z + 1 

z^ - z^ + z^ - z + 1) 



( 



,36 



,33 I ,27 

z + z 



Z24 + Z^S 



•zi2+z9 



+1). 



Lemma 8.2. Let (j){z) = 1/z^ for d>2. Then for N > 2, 



2>(N =^ ^*N,4z)= n ^fe(^) (53) 



N = 2n with 2 \ n 



fc|(i-^+i 



/s|d"-l 



iV = 2''n with e>2 and2\n => <^*m^^{z) = Cft(z) (55) 



fe|d''-i 

m\N,m^N 



Proof. If (/<(z) = then for fc odd we have 4'^{z) = -j^, and for A: even we 
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have (f>''{z) = z'^'' . So we may calculate 



k\N 
2\k 



J 



- 1 



M(JV/fe) 



k\N 
2\k 



(56) 



If 4 I A^, then for any odd divisor k of N , we have fi{N/k) = 0, so the second 
product is empty, and the first may be taken over all divisors of N. So we 
rewrite the product as 



n(^ 

k\N 



KN/k) 




t^iN/k) 



^k\N 

- n {^''-' - 

k\N 

which simplifies to the expression in equation (|55p by the argument given in 
Lemma 18.11 

If N is odd, it has no even divisors; so the first term is an empty product 
and the second may be taken over all divisors of N. The argument in this case 
follows as in Lemma [01 Note that since N is odd, + 1 I + 1 when m | TV. 

It remains only to consider the case that 2 | N but A'f N. So N ~ 2n with n 
odd. Then any odd divisor fc of is simply a divisor of n. We see that for such 
divisors, ii{N /k) = ^{2n/k) = —ii{n/k). So the second term in equation ([56|) is 



n {^''^' 



KN/k) 



k\N 
2ffc 



n 

k\n 



-H{n/k) 



n 



k\d^^ -\-l,m\n 



(57) 



by the argument for the case when N is odd. 

Similarly, we recognize that even divisors of N are of the form 2k where k \ n, 
and in this case ^{N/2k) = pi{2n/2k) = fi{n/k). The first term in equation ([5l 
then becomes 



n {^''-' 



t^{N/k) 



k\N 
2|fc 



no 



fi{n/k) 



A: In 



n ^^(^)- 



(58) 



fe|d"-i 

fcfd^"^ — l,m|n 



Multiplying equations (|58|) and ((57)) . we get precisely the expression in equa- 
tion dni]). □ 
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Example. Let 4>{z) = 1/z'^. Here are factorizations for the first few dynatomic 
polynomials: 

= (z^ + z + l) 

= ~z 
^{z) = z*" + z^ + 1 

^l{z) = (z^ + z'' + z^ + z + l){z^-z^ + z^-z* + z^-z + 1) 

= (zl" + z9 + ^8 + + + + + z3 + z2 + + 1) 
(z^O - zl9 + zl^ - zl6 + _ ^13 ^ ^11 _ ^10 ^ ^9 

-z^ + z^-z^ + z^-z + l) 

$*(Z) = (Z^ + Z^ + Z^ + Z^ + z2 + Z + 1) 

(zl2 _ + _ ^8 + ^6 _ ^4 _^ ^3 _ ^ ^ 1) 

(z36 _ ^ ^27 _ ^24 ^ ^18 _ ^12 + ^9 _ ^3 ^ ^ 

Corollary 8.3. 

(a) Lei (/'(z) = z''. If d > 2, then ^^^^(z) is reducible for every N. If d — 2, 
then $^ ^(z) is irreducible if and only if 2^ — 1 is prime. 

(6) Let (j){z) = l/z''. If d> 2, then <i>^0(z) is reducible for every N . If d — 2, 
then $^ ^(z) is reducible for every N ^ 2 or 3. 

Proof, (jlj). ^'i(z) = z'' — z, which is reducible. Lemma [8.11 savs that ^'^^^(z) 
for iV > 1 is irreducible if and only if c?^ — 1 has no divisors other than those 
which divide — 1 where m \ N. We always have d — 1 | c?^ — 1, and if c? > 2, 
so the the quotient d'^ + ■ ■ ■ + d + 1 does not divide — 1 for any ni < N. 
So then $^ ^(z) is reducible for every N. 

In the case d = 2, we see that if 2^ — 1 is prime, then <i>^ ^(z) — C2iv_i(z) 
is irreducible. If N is prime but 2^ — 1 is not prime, then 2^ — 1 has a factor 
not of the form 2™ — 1 with m \ N. So then <i>^ ^(z) is reducible. Finally, 
if is composite, let k be the smallest positive divisor of TV. We argue as 
above that the quotient of 2^ — 1 and 2'^ — 1 does not divide 2™ — 1 for any 
m ^ N . So then $^ ^(z) has at least two nontrivial factors, namely C2iv_i(z) 
and C(2iv_i)/(2fc_i)(z). 

([b|. In this case, $t(z) = z'^+^ - 1, which is reducible since d > 2. If 4 | A^, 
then 2^ — 1 is not prime, so the fact that $^ ^(z) is reducible follows from the 
fact that it is identical to $^ ^ for the map (f){z) = z'^, which is reducible in this 
case by the argument above. 

If N is odd, we need to check that d^ + 1 has a factor which does not divide 
d™ + 1 for any m \ N . Let k be the smallest nontrivial divisor of N . Then 
(d^ + l)/(d'= + 1) = d^^^ - d^"^'' + • ■ • + 1. For this quotient to divide d™ + 1, 
it is certainly necessary that N — k < m, But with iV > 4 and k the smallest 
divisor of TV, we have N ~k > N/ k which is the largest divisor of . So we have 
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at least two nontrivial factors of ^, namely G^nj^i{z) and C i^^n (^^k ^i^{z) 
with k the smallest positive divisor of N . 

Finally, if 2 | but 4 | iV, we see from equation [SH that for m an odd 
divisor of iV, we have Cdr^^^i{z) \ ^{z). In particular, Cd-i{z) \ <^*^ ^{z) is a 
nontrivial factor as long as d > 2. If d = 2, we see from the example above that 

is reducible and that $2 ^-nd $3 are not. If > 3, we are assured of an odd 
factor of N greater than one, and so all such $^ . will be reducible. □ 



9 An irreducibility result 

We now focus on the case deg 4> — 2, and prove that if 2^ — 1 is prime, then the 
dynamic modular curve M2{N, £2) is irreducible. 

Lemma 9.1. Let 4>{z) be a rational map of degree d = 2 with a automorphism 
group of order 2 over a field K with characteristic different from 2. Then (p is 
PGIj2-conjugate to a unique map of the form 

= £!±^, (59) 
az + 1 

where ip *s defined over some finite extension of K and c? 

Proof. The proof is identical to the one Milnor gives in [TD] for maps defined 
over C. We sketch the argument here to show that it works for other fields 
as well. In the remarks before Lemma [4.21 we showed that (j) must have three 
distinct fixed points (the only map with a single fixed point has automorphism 
group isomorphic to S3, so we may disregard this case). We know that h € 
Aut(0) for some h of order 2. Since any nontrivial element of PGL2 cannot fix 
three points in , we see that h must interchange two fixed points of </>. 

We conjugate by an appropriate / G PGL2 (K) so the two fixed points 
interchanged by h move to and 00. Then 

a/ 



0j(z) 



cz + d 



(Note that the fixed points may be elements of some cubic extension oi K — 
in fact, we will see in the next section that they are at most in a quadratic 
extension of K — so (j)^ is defined over the field we get by adjoining the fixed 
points of (j) to K.) We have Aegcf) — 2, so also deg^^ — 2. We conclude that 
ad ^ and ad — be ^ 0. Dividing the numerator and denominator by d leaves 
4> unchanged as a rational map, so we may assume that d = 1. Finally, we 
conjugate by g{z) — z/a, which gives the map 

V'(z) = 



(c/a)z + 1 



where b and c/a are the multipliers of the fixed points at and 00. By construc- 
tion, the map ip has an automorphism that interchanges the fixed points at 
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and oo. If an automorphism of a rational map interchanges two fixed points, 
then the fixed points have equal multipliers. We conclude that the multipliers 
at and oo are equal. That is, b = c/a, and has the desired form. (The fact 
that 7^ 1 follows from the fact that degip = 2.) 

To see that the value of a is unique, we note that if t/j^ has the same form, 
then / must fix the set {0, oo}, so f{z) = az or f{z) — a/z for some a € K . 
A calculation shows that in either case, a = 1 is necessary to preserve the form 
of V- □ 

Let M2{N, £2) be the moduli space of degree-2 rational maps with an auto- 
morphism of order 2, together with a point of formal period N. For each N, this 
is an algebraic curve lying in the moduli space M2{N). Lemma IHTTl savs that all 
but one of these maps form a one-parameter family in M2, parameterized by a. 
We use this fact to prove our irreducibility result. 

Proposition 9.2. 7/2^-1 is prime, then the curve M2{N, £2) is irreducible. 

Proof. Consider the dynatomic polynomials <^*^ ^^(x,y) = ^'^(x,y,a) with (j)a 
given by the normal form from Lemma [9Tl The curves M2{N, €2) can be defined 
by the vanishing locus ^*j^{x, y, a) = 0. We will prove the curves are irreducible 
by proving that the dynatomic polynomials are. 

Suppose that ^%{x,y) = A{x,y)B{x,y) with deg^{A),deg^{B) > 1. Ex- 
actly as in Lemma 14. 3[ we see that specializing to a = will cause neither 
factor to become trivial. But specializing to a = 0, we have the map <p{z) = z^, 
so by Corollarv l8.31 <i>^ ^(z) is irreducible if 2^ — 1 is prime. □ 

Remark. For N — 2, the polynomial ^"2(2;, y, a) has a factor of a -f 1, but since 
it is not defined for = 1 (this does not give a degree 2 map), this does not 
correspond to reducibility in the corresponding variety. 

Remark. Of course, there are only 46 known primes of the form 2^ — 1. It seems 
likely that if N is odd, then M2{N, £2) is irreducible. The curve cannot split as 
described for even N, and since the generic behavior of dynamic modular curves 
is irreduciblity, we expect that to be the case except when there is some clear 
reason for the curve to be reducible. However, we have been unable to find a 
proof of this more general result. 
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